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1 Forewords 

This result will be published as part of my PhD thesis later. This manuscript 
contains the proof of the claim, but is not peer-reviewed. The proof can still 
be streamlined, especially by proving a better version of lemma 15.51 This 
will require interpolation between Lorentz and BMO spaces in a domain. 

2 Abstract 

We prove uniqueness and stability for the inverse problem of the 2D Schro- 
dinger equation in the case that the potentials give well posed direct problems 
and are in W^''''{Q), e > 0, p > 2. The idea of the proof is to use Bukhgeim's 
oscillating solutions e*"(^~^°) /, e^^i^-^o) g gy Alessandrini's identity and 
stationary phase we get information about qi — q2 at zq from the Dirichlet- 
Neumann maps A^^ — Ag^ . 

Using interpolation, we see that the the worst of the remainder terms 
decays like n^~^~^. Here qj e W^'^ and (3 is the exponent in the norm estimate 
for the conjugated Cauchy operator in theorem l5.6l We get /3 arbitrarily close 
to 1, so have uniqueness and stability for e > 0. 

The main inspiration for this proof has come from three different sources: 
IBukhgeim] , |Alessandrini| and the lecture notes |Salo) . For technical details 
we have mainly used |0'Neil| . Bergh, Lofstrom| , |Triebel| . 
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3 Notation and general remarks 

• We denote the unit disc in C by fi. 

• Given p G R we denote by p* the number whose Sobolev conjugate p 
is: ^ = i + -• 

p* 2 p 

• All the norms are taken in Q unless otherwise specified. 

• We may write for example L^{Q, zq) to specify that the norm is taken 
with respect to Zq. 

• Some spaces we are going to use 

L^: the standard Lebesgue space of index p G [1, c>o]. 

W^'"'', k integer: the space of functions whose distribution deriva- 
tives of order up to k are also in 

ZjiP'i) ^ p > 1, < g < oo: the Lorentz space (with norm), as defined 
in |U'Neil| 

^«>p for s e M: The Sobolev spaces as restrictions to Q of the ones 
defined in [ Bergh, Lofstrom 

C^{Q), k integer: the space of uniformly continuous functions on Q 
whose derivatives of order up to k are also uniformly continuous on Q 

• We don't always write the whole symbol for the space when taking the 
norm: 

IHI denotes the norm 
II lip 

||-|L „ denotes the I^'P norm 
\\'\\{pq) denotes the L^P'''^ norm 

• Interpolation spaces: In Xg and X'g the variable of the continuous space 
is usually zq. 

Ae = FeiLP,W''P) 

Xe = Fe{C%Q,LP),C%Q, W'^p)) 

Xe = Fg{C%n,L^),C%n,W''P)) 

• By expressions like qf, q G Aq, f G Xg U Xg we mean the element qf, 
where g(-2o) = q for all Zq. 
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4 Stationary phase method 



Lemma 4.1 (Mean- value inequality). Let f : X ^ C, X G C be convex, 
feC\X). Then for all x,yeX 



\f{x)-f{y)\< 



^/\djf+\dj\ 
V2 



\x - y\ 



L°^{X) 



\df\' + \df\' 



\x - y\ 



(1) 



L°°{X) 



Proof. By [Rudinl Thm. 7.20] we have 



< 



^ ^^f{tx + {l-t)y)dt 

/ (Re V/ ■ (xi - yi,X2 -1/2) +iImV/ ■ (xi - yi,X2 - y2)) dt 
Jo 

I ^ |Re V/l' + |Im V/l' \x -y\dt< 1| |V/|1|^..(^) \x-y\. 

J 



(2) 



Note that |Re V/r + |ImV/r = l^i/l + 1^2/1 = 2 (\dfy + j, from 
which the claim follows. □ 



Lemma 4.2. Let a > and ^ G C. Then we have 



1 - e-^(«'+? ) 



(3) 



Proof. A direct calculation, the two cases to consider are |^| < and |^| > 
We use lemma WA\ to get the first case. 



sup 

l«l<2-i/2 



1 _ e-'^e+n 



< sup \/2 

l?l<2-l/2 



< • 2 ■ 72 • 2-V2(2-i/2)i-« < 2iW2 
The second case follows because + ^ G M. 



L°°{2-i/2n) 



(4) 



sup 

l«l>2-i/2 



1 _ e^i{e+n 



< sup =2i+-/2 

|5|>2-i/2 I'^l 



(5) 
□ 
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Next we denote R = {z — Zq)"^ + {z — Zq)"^, where Zq is a point in C. 
Lemma 4.3 (Stationary phase). Let Q e W'^iC), a>0, n>0. Then 
2n 



Q 



Jc 



L2(C,2o) 



<C„n-"/2||g|| 



W"'^{C) ' 



(6) 



where < oo. 

Proof. A direct calculation using the Fourier transform and lemma 



Q- — I e'^'^Qiz) dm{z 



L2(C,zo) 



— lerg 



I 4VHl 



L2{C) 



L2( 



< 2i-3°/2^--/2 1^1- g < iigii 



(7) 



□ 



5 Bukhgeim type solutions 

We prove the existence of Bukhgeim's solutions and give some norm estimates 
for them. By ^ and ^ we denote the Cauchy-operators (convolution with 
z~'^ and respectively). All the norms taken here are in VL. 

We use interpolation theory to prove a norm estimate for the remainder 
terms in an intermediate space between and W^'^. This estimate is of the 
form ||r||g < Iklle, where /3 does not depend on 9. This /3 will in fact 
give the speed at which the modulus of continuity in the stability estimate 
goes to zero when the potentials have one Sobolev derivative. The only place 
where we require smoothness is when integrating by parts. Thus if /3 > 
we have integrated by parts too much, because we could get stability with a 
smaller value of /3. 

The main point is that if we have a stability estimate with a modulus of 
continuity, we may worsen that modulus to let the potentials be in a bigger 
space. 



First we prove some estimates for the Cauchy-operators. 
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Lemma 5.1. Let 2 < p < oo, — = - + ^. Then there are C,C„ < oo suth 
that if f e LP* then 

ll'^/L < Cp 



and for f E we have 

\\'^f\\L^in)<C\\f\U^,^n)- (9) 
Proof By |()'Neill thm 2.6] we have for / G L(pi'<?i), g G L^p^'1^\ 

11 11 1 ,,111,, 

\ >1, \ 1 = -, s>l such that — H > - (10) 

Pi P2 Pi P2 r qi q2 s 

the norm estimate 

11/ * 9\\L(r,s) < 3r \\f\\L(Pi,n) \\9\\l(p2,^2) ■ (H) 

Here L*^"'^) denotes the Lorenz spaces (with norm). Moreover the same article 
states that 

||/*^IL < II/IIl(p1>«2) \\9\\l(P2.12) (12) 

if ^ + ^ = 1 and ^ + i > 1. 

pi P2 qi 92 — 

Note that the Cauchy operators are convolutions with which is in 

/^(2,oo)^ Choose pi = 2, qi = oo, P2 = ^2 = P* and r = s = p. This implies 

the the first claim, because for 1 < a < oo we have L^"''"'^ = L". Then choose 

Pi = 2, qi = oo, p2 = 2, g2 = 1 to get the second claim. □ 

Definition 5.2. Let i? be a Banach space. Then the space of uniformly 
continuous B-valued functions is 

C^{Q,B) = {/ : r2 — 7- i? I / is pointwise continuous at each Zq G fl}, (13) 
equipped with the norm \\f\\co^B) = ^^Pzo II/(^o)|Ib- 

Lemma 5.3 ( Well-definedness) . If B is a Banach space then C'^{Q,B) is a 
Banach space. 

Proof. The proof is exactly the same as for C^{Q, C) and can be found in 
almost any elementary book on functional analysis. □ 

Here we construct a test function which we will need for the most impor- 
tant theorem of this section (thm 15.6]) . 

2 

Lemma 5.4. Let < 6 < 1. Then there exists a function h G C°°{Q ) which 
satisfies 
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1. 0<h<l 

2. h{z) = 0^\z-zo\ <S/2 

3. m(supp(l - h)) < -kS^ for all Zq e fl 



4- sup 



20 



Z — ZO 



< Q(52(t-i) for alll<l<2. 



Proof Let H e C°^(C) be such that < H < 1, H{z) = ^ |^| < ^ 
and H{z) = 1 > 1. Then define h{z) = H{^^)^-^. Now clearly 

— 2 

h e C°°(f2 ) and conditions 1, 2 and 3 are satisfied. 

Let us calculate the norms of the function and its derivaties. Keep 

in mind that < 5 < 1 and 1 < / so 



h 



Z- Zq 



Z- Zo 



dm{z) < 



2n 



H{z/5) 



27r 



^dr = 271- 



-,2-1 



Z 
2-1 



dm{z) < 



\z\ ^ dm{z) 



2n\f n 



)2-/ 



5/2 



('^Z^) < 27r^ < C\5^^'-'\ (14) 
2-1 - 2-1 - ^ ^ ' 



dh 



SO we only do the calculations 



Then the derivatives. Note that 

_ Z — ZO Z — ZO 

for d. They go similarly for d but with one term less. The first term 



dh 



Z- Zq 



d{H{^)) 



Z- Zq 



d{H{z/8)) 



dm{z) 



dm{z) < 

< 2'5-' \\VH\\^^ [ \z\-Um{z) < C\5-^ [ r^-^dr 
Jsn\^n J 5/2 



(15) 



2-1 

And finally the last term. Note that zq ^ supp h so the singularity of 1/ {z—'zq) 
does not cause problems: 



hd—^ 



Z- Zq 



< 



{z-z^Y 

21 



dm{z) < 



20 



H{z/d) 



dm{z) 



f \z\~^^dm{z) = 2tt f r^-^^dr 

J2n\^Q J 5/2 



(16) 



'2n\f f2 
4«-i^2(i-o _ 41- 

l-l 



TT- 



so the claim follows by the triangle inequality of L\fl). 



□ 
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Note that the test function of the previous lemma is not supported com- 
pactly, so we need to take care of the boundary terms when integrating by 
parts. This lemma will be used for that. 

Lemma 5.5. Let 2 < p < oo, r > 0, Zq & Q and n > 1. Then there is 
Cr < oo such that for g & W ' '^+p (Q) we have 



1 

2^ 



,—inR 



Tig{z') , 



an 



z — z 



z'da{z'] 



< Cr-n^^ ilr) ll^ll (2+,)^ . 

(17) 



Proof. We prove the claim by interpolation. Note that H^rpl 



\z 



-1 1 



L2/{i+'-)(n,^) 



< 



have 
1 

2^ 



lL2/(l+r)(2n,z) 



< Cr < OO. Thus by Minkowski's integral inequality we 



-inR 



Tigiz') , 



an 



z — z' 



z'da{z') 



^ <f / \TTg{z')\da{z')<cl\\g\\^., 



on 



m ■ 

18) 



We have the Sobolev embedding C C 2+'-(fi) so by |Vekual thm 



1.10] and e 



inR I 



< lln" we get 



1 

2^ 



-inR 



Trg{z') , 



an 



z — z' 



z'da{z'] 



L°°(Q) 



— r \\ ^Wc'- ^ 



< < \\e"'^'g 



fi'|lvyl,2 + r(f^) 

with ^ = 1 - 2 



< ll.9llwl,2+rro^ • (19) 



The next step is to use real interpolation (-, ■){e,q) with ^ = 1 — ^^^^^^^ 1[ 
and q-^ = (1 - 0)/l + 9/(2 + r). Notice that 

1-6 e 1 



1+r ^ 



1 



+ 



1 2 + r {l + r)p 2 + r {2 + r){l + r)p 

A + 2r + p + rp-2 (l + r)(2 + p) 2 + p 



(20) 



(2 + r)(l + r)p (2 + r)(l + r)p {2 + r)p' 
We use [Bergh, Lofstrom] thm 6.4.5 (5)] combined with [Bergh, Lofstrom" 



thm 6.4.2] to get the result for Q. These imply the claim. □ 

Theorem 5.6. Let 2 < p < oo, — = - + ^ r > 0. Then there is Cm < oo 
such that if n > 1 then 



sup |p (e 

20 



'inR , 



< Cr^pU p* sup ||a||^, 

20 



(21) 
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and 



sup ||^(e"*"'^a)||^ < CpU'i sup ||a||^ p . 



(22) 



20 



-inR{z,zo) 



zo) 



Proof. It is enough to prove the continuity of the map zq i— )■ ^(e' 
between the spaces ^2 — )■ L°° because L°° C L^. Let e > and take 6 > 
such that ||a^o — a^JI-^ ^ Ic" '^^en \zq — Zq\ < 5, where Cp < oo is the norm 
of <r : LP ^ Now'^ 



(23) 



-inR{z,zo) —inR{z,z'Q) 



^Zl\ \ \n ~l~ Clzn 



2()llp I I I "-20 ""20 lip 



< Cp sup e" 



-in/? I 



z&n 



n.za) 1^0 ~ ^ol ll« 



ICi(n,2o) 



20 Hp + '^P |p20 '^2,', II 



< llncp |zo - 41 ll«2ollp + f < e, 



if 1^0 - 2^0! < 



and 1^:0 — Zq\ < 6. Thus it is continuous at z^. 



Note the following integration by parts formula: if / € W^'^{Q), Zq ^ 
supp / then almost everywhere 

1 f Trfiz') , , 1 fdfiz') 



2vr ^' - ^ 
If Zo i supp^, ^ G W^^^{^) put /(2; 



z'da(z') H — /" dm(z'). 

Jn z-z' 



(24) 



-2m(z— ^o) 



5f(2;) to get 



1 _ c^(^^-inRQ_9_^ 

Z — Zq Z — Zq 



2in V 



1 



' Zyy^^. ^'Mz'))- (25) 



2vr (2; - 2;')(^' - ^0)' 

The first estimate: The h as in lemma l57il wit h S = n~^. Then put g = ha 
to get 

^(e-^"«a) = ^(e-'"«(l - /i)a) - ^(e"*"^^^ - ^(e-'"^a^^) 



+ 



2tt 



e-'''^a{z')h{z')/{z' -z^) , 



dn 



z — z' 



z'da{z')). (26) 
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Next take < r' < J so small that (1 - - j^) - < ^ - ^- 

This is possible because ^^ = ^, r > and the left hand side is continuous. 

Note that / := ^^g^ g]1,2[ so we may use lemma 15.41 Note the fact that 
< Q J|5||^p for 1 < t < 2. Keep also in mind that by lemma 



15.11 we have ^ : L^*(il) — )■ L^{il). And finally using lemma 1531 and lemma 



15.41 on the terms with h we get 



( 


ha 




ha 






+ 

p 





l,p* 



J: Vl 2_N 

-\- (l + r')p'^ 2+r' ' 



,(1- 



Z- Zq 



1,1 



<a 



'l,[\\^-h\\ 



p* ll«lloo +'^" 



h 



Z- Zq 



l«lloo + 



Z- Zq 



_|_ ij^^ (l + r')p'^ 2+ 



Z- Zq 



11 



ll,p 



Z- Zq 



_|_ (l + r')p)(-^ 2+7^) 



l,p* 



2+p 



<C^i(l|l-/^IU+n-^( 
The claim follows since C^^ does not depend on Zq. 



i,p* 



h 



ii,p 



ii,p 



(2+r')p a 



ll,p 



(27) 



The second estimate: For 5 G]0, 1[ and zq eVL take h G C^(r2) such that 
it is continuous with respect to zq and 

1. < /i < 1, 

2. = ^ 1^ - 2o| < V2 or > 1 - 5/2, 

3. = 1 '^^^ \z — Zq\> 5 and |2;| < 1 — 5, 

4. m(supp(l - h)) < 2tt6, 



5. sup^ 



h 

2-20 



CO 



< c5 \ sup 2 



2-20 



CI 



< c6~ 
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This kind of test function exists by the construction of [Blastenl 5.3.2]. Now 
integrate g = ha hj parts to get 



^(e-*"^a) = ^(e-^"^(l - h)a) - 



-inR 



ha 



Z- Zo 



-inRQ 



.— ha 



z - Zo 



(28) 

We don't need a very sharp bound here. Use the fact that : L^^'^^ — L°° on 
the first term and ^ : — )■ on the second term with Moreover notice 



that ||e*"^(l-/i)a||(2^^^ <c||xsupp 



Thus 



>l-h\ 



(2,1) 



< c'm(supp 1 — hy^"^ llc^lli , 



loo — IIXsuppl-/i||(2,l) ll'^lioo 



n 



-1 



h 



Z- Zq 



CO 



+ n 



-1 



ha 



Z- Zo 



(29) 



<C';{6'/' + n-'6-U 
<C'!'{6'/^ + n-'6-^) 



n 



z- Zo 



ii,p 



Then choose S = n 2+1/2 to get 5^/^ = n^^6~'^ 
because the coefficients do not depend on Zo- 



n The claim follows 

□ 



Next we will start to use interpolation more seriously. We use notations 
and definitions from [Bergh, Lofstrom] . 

Definition 5.7. Let Fq denote any exact interpolation functor of expo- 
nent 9 e [0,1] in the category of Banach spaces such that Fo{A,B) = 
A, Fi{A,B) = B and which satisfies multilinear interpolation. That is if 
{A^^\ A^^'^), j = l,...,m, and {Bo,Bi) are compatible Banach couples and 
T is any multilinear bounded mapping satisfying 



T : v4, 



(1) 




T : A\ 



(1) 



then 



with norm at most M^-^Mf. 



Af,™^ ^ Bo with norm Mq, 
A^^^ Bi with norm Mi, 

.®Fe{At'\At^)^Fg{Bo,B^] 



(30) 



(31) 



Lemma 5.8. The complex interpolation (■,-)[e], < < 1, the real inter- 
polation {■■,-)e.i, < 6' < 1 and the trivial ones {A,B)o = A, {A,B)i = B 
satisfy the requirements in definition \5. 71 
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Proof. The trivial ones clearly satisfy the claims. Complex interpolation 
satisfies them by [Bergh, Lofstrom , thms 4.1.2, 4.4.1]. Real interpolation 
with q = 1 satisfies them by [Bergh, Lofstrom , thms 3.1.2, 3.2.2, 3.3.1, 3.4.2, 
ex 3.5(a)]. □ 

Remark 5.9. To conserve space we write = Fe{C^{U, Lp),C°{U,W^^p)) 
and Ae = Fe{LP,W^^P). Also denote X'g = Fe{C^{n, L'^),C°(n,W^'P)) . 
These are well defined, because W^'P{n), L°^{n), LP{n) C L^i^), which is a 
Hausdorff space. It is assumed that z is the variable of the Sobolev space 
and Zq the one of the continous functions. 

Lemma 5.10. Let < 9 < 1. If f e Ae then = where 

/(^o) = / for all zqEVL. 

Proof. For any Banach space B consider the operators I : B ^ C°(i7, fi), 
Ig{zo) = g for all zq G H, and P : C^{U, B) ^ B, Pf = /(O). Then 

so by interpolating with Fe we have I : Ae ^ Xe, \\Ig\\x ^ WoWa ■ Similarly 
we get P:Xe^ Ae, ||P/|U^ < But / = // andV/ = /,'so 

WfWx, = WifWx, < UK = WPfho < WfWxg. (33) 

□ 

Remark 5.11. Using this lemma we can make sense of expressions like q + f, 
qf, etc. . . when q G Ae, / G Xg U Xe- We won't usually explicitly write out 
the operators / and P. 



Corollary 5.12 (to thmESD- Let n > 1, 2 < p < oo, = ^ + ^, r > 0, 

9 G [0, 1]. Then there exists Cr^p < oo such that if q & Ae{Q) we have 

||^(e-™^¥(e*"^a)) ||^^ < M\xo^ (34) 

||^(e-^^(e^"V))L, < \\q\\^^ ||/||^, , (35) 

with corresponding mapping properties. 
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Proof. It is enough to prove the hmiting cases and the rest will follow from 
the definition of Fg. We use theorem and the facts that ||^/||]^p < Cp||/||p. 
We get the mapping properties and the following estimates uniformly in zq: 



so the first claim follows. 

For the second claim we use the second part of theorem 15.61 



(36) 



< CpCpH^r. 11/11^, 



(37) 



_ 1 

'inRc/^ / „inR „ f\W\ ^ „ \ I cyPl^inR, 
< CpCr^pApU'-^ lklll,pll/lll,p, 

SO the second claim follows, because the coefficients do not depend on 2;o- CH 



The idea to continue is to take solutions /^^ „ from X'g by using the second 
estimate in corollary 15.121 This allows us to multiply by / because X'g is a 
multiplier space for Aq (more exactly, for lAg C Xg, see lemma 15. 101 and the 
remark after it). After that the first estimate gives ||/ — 1|| < n^~p* \\<l\\Ag- 
Basically this is a sort of boot-strapping argument. The following lemma is 
needed for the boot-strapping. 

In particular here we should use lAg, but we identify it with Aq. 

Lemma 5.13. Let 2 < p < oo. Then there is Cp < oo such that for all 
e e [0, 1], f eAe, geX'g we have fg G Xe with \\fg\\x, < Cp \\f\\^^ M^,. 

Proof. This follow by multilinear interpolation and the fact that W^'^ is a 
Banach algebra: 

supll/^llp < ||/||pSup||c/||^ 

20 20 ^gg^ 

supll/^lli^p < Cp||/||i^pSup||^||^^p. 

20 20 

□ 

Next is the big theorem, which shows the existence of suitable solutions 
and gives the behaviour of the remainder terms. 
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Definition 5.14. By no{r,p,6, M) we denote the number 

max (l, (a,pM)-V((-^^)^-i(i"^)) j ^ (3g) 

which e^rows with M if r < — . 

Theorem 5.15. Let 2 < p < oo, = ^ + I, < r < j-^, 9 e [0,1], q e Ae, 
n > no{r,p, 6, WqWj^^)- Then there is a unique fn G X'q such that for all zq 

/„ = l-i^(e-^"^^(e*"Vn)). (40) 
Moreover we have fn G Xg and 

Wfn - l\\xg < Cr,pn~^ \\q\\^^ and sup ||/„||i^p < 2 + . (41) 

Proof Define T„ by / ^ 1 - i<^(e-™^¥(e™^g/)) . By corollary EH we 
have Tn : X'q — )■ Xq and get the norm estimate 

11?;/ - T„/'||^, = i ||^(e-"^^(e^"^g(/ - /'))) ||^, 

< lcr,,n^^-^^'-'^^'-'^ 11/ - f\\^, < i 11/ - r 11^, , (42) 

because n > no{r,p,6, ||q'||^^) < oo. Thus T„ is a contraction in the Banach 
space Xg and so has a unique fixed point fn- there. 

To prove the second claim do the same reasoning as in the previous for- 
mula and so 

ll/nllx^ < + i ||^(e-^"^^(e^"Vn))L, < c; + i Wfnh, , (43) 

because n > nQ{r,p,6, \\q\\j^g)- Thus ||/n||x' — 2Cp. Now by the first norm 
estimate of corollary 15.121 and the multiplier lemma 15.131 we get 

ll^-l|lx, = i||^(e-^"''^(e^"Vn))L^ 

< \cr,pn~~* \qfn\xe ^ Cr,yn'~* ||g|Ug . (44) 

The last claim follows from the well-known fact that : LP ^ W^'"^ and 
the embedding Xq C C^{L'p): 

supllMli^p < TT^^ + supi ||^(e-^"«^(e^"Vn))|L 

< 2 + icj sup WqfnW, <2 + lcl WqfnWx, < 2 + C; . (45) 

□ 
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Next we handle the error term integral. 



Theorem 5.16. Let 2 < p < oo. Then there exists Cp < oo such that if 
n > 0, 6 ^ [0,1], Q G Ag and rz^^n ^ Xq we have 



Or) 

—e'''''Q{z)r,,^r.{z)dm{z) 

n 



Proof. By |Blasten[ Thm 5.2.6] we have a < oo such that 
2n 



IT 



Because m{Q) = tt < oo, p > 2 and Holder's inequality we get 



2n 

71 



< TT 



1/2 



L'2{n,zo) 



2n 



TT 



(46) 



<C;||g||. sup||r,„,„||, . (47) 



L°^{n,zo) 



< -^n||g||2sup||r,„,„||, < -^(vrV2-i/p)2^||g||^sup||r,,„l| (48) 



20 



Because Fg satisfies multilinear interpolation we get the result. 



□ 



6 Well-posedness and the inverse problem 

Here we define the Dirichlet-Neumann operator, prove an orthogonality for- 
mula and define what does it mean that the direct problem is well-posed. In 
this section we denote H'^ = W^'"^. 

Definition 6.1. Let q G ^'(^7). Then the direct problem is well-posed if 
there is C < oo such that for any / G H^/'^{dVt) we have 

1. there is u G H^iVL) such that /S.u + qu = 0, Ti u = f , 

2. this u is unique 



3. u depends continuously on /: \\u\ 



< C 



\m(n) — ^ WJ \\H^/^{dn)- 

Definition 6.2. Let q G L'^(fi), a > 1, be such that the direct problem is 
well-posed. Then we define the Dirichlet-Neumann operator Aq as follows. 
For / G H^''^{dVL) we define kj G H-^/'^{dVL) by 

(A,/, g)= f {-Vu ■ Vv + quv)dm, g G H^'^{dn), (49) 
Jn 

for any u,v E H^{fl) such that Tru = f, Ttv = g and Au -\- qu = 0. 
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Lemma 6.3. The Dirichlet-Neumann operator is well defined and Ag : / t— )■ 

Agf is a continuous linear operator mapping H^/'^{dVL) — )■ H^^^'^^dVt) which 
satisfies 

{AJ,g) = iAgg,f), f,geH^"{dn). (50) 

Proof. By the well-posedness of the direct problem u is unique on the right- 
hand side of (149|) . Assume that v^v' G H^{VL) satisfy Tiv = g = Trf'. Now 
V — v' & Hq{Q) and because m is a solution to the Schrodinger equation we 
have 

(— Vm ■ V(f — v') + qu{v — v'))dm = 0, (51) 



which implies that all choices of v give the same value for the right-hand side 
of (09]). 

Note that H~^/'^{dVt) = (^H^^'^(dVl)) . Thus to prove the mapping prop- 
erties of Aq it is enough to prove that for a fixed / G H^^'^{dVL) we have 



/ (— Vm • Vf -|- quv)dni 
Jn 



< Cn^a,q il/|li^l/2(ao) i|Trt;||^i/2 



(an) 



(52) 



Let R : H^/^{dQ) ^ H\n) be a bounded right inverse to Tr. Note the 
Sobolev embedding H^{Q) C L^{Q) because ^ < oo. Denote ^ + ^ = 1, 
so by Holder's inequality, Sobolev embedding and the third condition of the 
well-posedness of q we get 

/ (— Vm ■ \/v + quv)dm = / (— Vm ■ VR{g) + quR{g))dm 
Jn Jn 

< \\Vu\\, \\VR{g)\\, + \\quR{g)\\, < \\u\\^, \\R{g)hr + hlL lk^(^?)IL' 

< Mlm \\Ri9)\\m + M\a \\R{g)\\^ 

a—1 a—1 

<CnA^ + Ma) \Mm \\Ri9)\\m 

< Cn^a,q 11/11^1/2(9^) 1 1 5' 1 1^1/2 (an) • 

(53) 

To prove the last formula let f,g e H^/'^{dQ) and F,G e H^{Q) be the 
corresponding solutions to the well-posed direct problem. Now 

(A J, g)= [ -VF ■ VG + qFGdm = I -VG ■ VF + qGFdm = {Agg, /). 

(54) 
□ 
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Theorem 6.4. Let qi,q2 € L°-{Q), a > 1, be such that the direct problem is 
well-posed. Let Ui,U2 G H^{Q) satisfy Auj + qjUj = 0. Then 

/ Ui{qi - q2)u2dm = [{Aq^ - Aq,^)TTUi,TTU2). (55) 
Jn 

Proof. Add —Vu2 ■ Vmi + Vu2 ■ Vui to the left side to get by definition 

/ ■Ui(gi - q2)u2dm = / (-Vmi ■ Vu2 + qiUiU2)dm 
Jn Jn 

- / (-Vm2 ■ Vmi + q2U2Ui)dm = (A^^ Trwi, Ttu2) - {Ag^ Ttu2, Tr-ui). 
Ja 

(56) 

The claim follows by lemma|n3]because (Agj Tr Tr Mi) = (A^j Tr -Ui, Tr-U2)- 

□ 

7 The proof 

First two technical lemmas: 

Lemma 7.1. Let < x < e'^ , a > 0, /3 G M. Then x° < (In^)"'^ z/ 

a > (3e~\ 

Proof. The cases (3 < are clear because In- > 1. Assume (3 > 0. It is 
easily seen that a;" < (In i)"^ -^^ x^/^^ In ^ < if Write /(x) = x°/^ In i. Now 

f'{x) = |x°/'^-i In i + x°/'^(-^)x = x"/^-^(| In i - 1) > 

^lni>^^x< e"^/". (57) 

So the maximum of / is at x = e"^^"'. 

f{e-^/")=e-'-^<l^a>/3e~\ (58) 

□ 

Lemma 7.2. T/iere C < oo snc/i i/iai if n e R, /i,/2 G CO(n, Vr^'2(fi)) 
and ui{z) = e^"(^-^'')Vi(^); ^2 = e*"(^-^)V2(^) ^/^en 

sup ||wj||,yi,2(Q-) < Ce "'sup \\f j\\ 1^1,2 (^Q-j ■ (59) 



20 20 
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Proof. This is a more or less direct calculation using the elementary facts 



that 1 2; — ^0 1 



-2o| < 2, n < e", 



\/c^~+WT~(? <a + b + c. 



< 4ne^" and 
□ 



Theorem 7.3. Let M > 0, e > 0, a > 2. Then there are positive real 
numbers CM,e,a,C'^j such that if qi,q2 € W'^'°'{fl) are such that the direct 
problem is well posed and 



I Vl^E.a 



< M 



l|A 



A'?2lli/i/2(af7)^H-i/2(an) < CM,e,a 



then 



\\<li-<l2\\LHn) < C'to(ln||Am - K\\ ^) 
so we have uniqueness and stability for the cases e > 0. 



■ min(4e,l)/8 



(60) 



(61) 



Proof. Choose 6 = min(£, \), r = ^ and p = min(a, 2Zg)- Now < 9 < ^ 
and 2 < p < So, < r < ^ and I - 6 + r 



< 



which will be 



p* ' ' ' p* — 2 ' 

used in formula (\72\i to simplify notations. Moreover we have qj G W^'^ and 
there is a constant < 00 such that Hq'jU^ye.p < c^^aM. 

The reason for doing this was that we are going to look for solutions to 
the Schrodinger equations in based spaces. When p is as close to 2 as 
possible we will get as much decay for the remainder terms as possible. The 
decay is almost n p* , which is almost when p 2. 

Denote by Fq the complex interpolation {■,-)[e] as defined in the book 
[Bergh, Lofstrom . If 6' = 1 then let -Fi(A, B) = B. Remember that we write 



Xe = Fe(c°(^,LP(^])),c°(^,^^l'^'(^]))). 



(62) 



we may use the theorems and lemmas of the preceding 



Now by lemma 
sections. 

Denote Q = qi — q2 and R 
that Zo is the variable of the continuous function in Xq. Assume that n > 
By the triangle inequality 



z — ZoY + {z — ZqY for z, Zq G C. Remember 



^e'^'^Qdmiz) 


+ 


^ / e'^'^Qdmiz) 




L2{C,2o) 


Jn 



\qi - q2\\L2(n) ^ 

-Jn L^{n,zo) -Jn l'^{^,zo) 

(63) 

Next we will use stationary phase. Let E : W^''^{Vt) -> W^^'^(C) be an 
extension operator. This exists by [Triebell 3.3.4] because < < |. Let 
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Xn be the characteristic function of the unit disc. Then remembering when 
characteristic functions are multiphers ( |Triebel| 3.3.2]) and the embedding 
W'^'P C r iTriebeU 3.3.1]) we get by theorem Ol 



Q 



2n 

TT 



XnEQ 

L2{n,2o) 

< C',n-'/' \\EQ\\ 



2n 

71 



L2(C,2o) 



H/e,2(c) ^ e'en ||Q|lH'e.2(n) 

(64) 



Next the second term. Take no = nQ{r,6,p, M) as in definition 15.141 Then 
take n = ^ In ||Agj — A^Jp^. We may choose CM,e,a in the a-priori assump- 
tions so small and positive that n > nQ{r,6,p, M): Take CM,e,a > to be a 
solution to ^lna;~^ > nQ{r,6,p, M) such that CM,e,a < Remember that 
r and 6 are functions of e, and p is a function of a and e. 

Because no grows with M, by theorem 15. 151 (the sign of i does not matter) 
there exists f^^\ /^^^ G Xg such that for all zq G we have 




and 



Denote 



Uzo 

(2), 



1 - i^(e-^"^<^(e^"%/(i))), 
1 - i^(e^"-f^^(e-*"%/(2))), 




u 



^in{z—ZQy 



(65) 



(66) 



(67) 



Now they satisfy u'^JJ G C%Q,W^'P{Q)) and Am^^o^ + g^w^^o^ = for all zq. 
Moreover by lemma [72] and the embedding W^'^ C W'^''^ we have 



(i) 



sup M 



20 



(i)|l 

20 IIW^l>2(n) 



<c: 



(68) 



Now by the triangle inequality 



2n /" 

— / e'"^Qdm(2) 




2n /• 


< 






L2(Q,2o) 





+ 



2n 

7T 



L2(f1,zo) 
L2(n,zo) 



(69) 
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For the first term here we use theorem I6.4[ formula and the fact that 
Tr : H\n) H^/'^{dVt) to get 

- / - <l2)uf:!dm{z) = ^((A,, - A,J Tr <), Tr 



2n 

<-||A..-A 

TT 



L2 

g2ll/fi/2(an)->//-i/2(an) 
(1) 



lTr?y^^^ll 

I "^0 \\mn(dQ.) 



iTr ?/(^) II 



L2 



< Ce" II A,, - AgJIsup 114^1^1^^^ sup 



<<mI|A,i -A,,||e 



20 



(2)11 

20 Il//i(f1) 



lira 



(70) 



For the second term we need to show that (Z*-^''/'-^-' — 1) G Xq. But notice 
that V^^) - 1 = (/(^) - 1) (/(^) - 1) + /(^) - 1 and by interpolating 

the operator h ^ - l)h, - 1 g C°(n, we get 



Wf^'^f'^' - ^ Wf'"' - (-P 11/^^^ - iL.. + 1) + 11/^^^ - 1| 



< (Cr,p,M(Cp,M + TT^/P + 1) + Cr-p,M)n P* < d^' ^ m^"" ■ 

(71) 

Next, use theorem 15.161 Note that < p < implies r = |<| + ^ — 1, 
sol — ^ + r — ^< — |. Moreover n > 1, so 

p* — 2 — ' 



2n 
7r 



e^"'^Q(/i:Vi? - l)c^m(z) 



<^^pn^-'IIQIUj|/^^¥^^-i| 



^ III! 1— S+r- 



-<<;m^-'/'- (72) 



Now we can combine the terms. Remember that = ^ In ||Aq^ — A^jH ^, 
II Ay^ — AqjII < CM,e,p < and | > fe^"*^. Thus by lemma mi we have 



||A,,-A,,f/^< (ln||A,,-A,jr^) 



IN -0/2 



Finally 



hi - <i2\\mn) < c';,e,p,Mi^-'^" + WK - K\\ e"" + n-'/') 

< ci,e,M\\K-K\\'^"+{'^^\\K-K\r'r'^') (73) 

<C;,,,,,(ln||A,,-A,jr^)-'^ 
because r, 6 and p are functions of e and a. □ 



19 



References 



[Bukhgeim] A. L. Bukhgeim, Recovering a Potential from Cauchy data in the 
Two- Dimensional Case, J. Inv. Ill-Posed Problems, 16 (2008), 19-33. 

[Alessandrini] G. Alessandrini, Stable determination of conductivity by 
boundary measurements. Applicable Analysis, 27 (1988), 153-172. 

[Salo] M. Salo, Calderon Problem, lecture notes. Department of Mathematics 
and Statistics, University of Helsinki (2008). 

[Rudin] W. Rudin, Real and Complex Analysis, 3rd Edition, WCB/McGraw- 
Hill. 

[O'Neil] R. O'Neil, Convolution Operators and L(p, q) Spaces, Duke Math. 
J., Vol 30, 1 (1963), pp. 129-142. 

[Vekua] I. N. Vekua, Generalized Analytic Functions, Oxford, Pergamon 
Press, 1962. 

[Blasten] E. Blasten, The Inverse Problem of the Schrodinger Equation in 
the Plane, A Dissection of Bukhgeim's Result, arXiv: 1103.6200 , 

[Bergh, Lofstrom] J. Bergh, J. Lofstrom, Interpolation Spaces, An Introduc- 
tion, Springer- Verlag, 1976. 

[Triebel] H. Triebel, Theory of Function Spaces, Birkhduser, 2000, reprint of 
the 1983 edition. 



20 



